Abstract. In a recent and ongoing work, Baldwin and Klemperer explored a connection between tropical geometry and economics. They gave a sufficient condition for the existence of competitive equilibrium in product-mix auctions of indivisible goods. This result, which we call the Unimodularity Theorem, can also be traced back to the work of Danilov, Koshevoy, and Murota. We introduce auction theory for a mathematical audience and give two simple proofs of the Unimodularity Theorem -one via tropical and discrete geometry and one via integer programming. We also discuss connections to Walrasian economies, stable matching with transferable utilities, the theory of discrete convex analysis, and some open problems on lattice polytopes such as the Oda conjecture.
Introduction
An auction is a mechanism to sell goods. It is a process that takes in a collection of bids and produces a set of winners, the amount of goods each winner gets, and the prices the winners have to pay. In a product-mix auction, the goods come in many different types and in discrete units. Each agent (bidder) indicates how much a bundle of goods is worth to her. The auctioneer splits up the supply into bundles, one for each agent, and sets the price per unit for each type of good. Each agent pays for her bundle accordingly. A competitive equilibrium exists if there is a choice of prices and a way to divide up the supply into (possibly empty) bundles so that each agent gets to buy a bundle that maximizes the profit for her at the set price. As Baldwin put it, having competitive equilibrium means that "everyone goes home happy."
A bundle of n types of goods is represented by a vector in Z n . In the language of discrete geometry, the bids placed by an agent induce a regular subdivision on the set of possible bundles. Combining the bids of many agents, we get a regular mixed subdivision. Competitive equilibrium exists if and only if the seller's bundle is a marked point in this mixed subdivision. The set of equilibrium prices is interpreted as a cell in the tropical hypersurface arrangement dual to the mixed subdivision. In this language, the Unimodularity Theorem states that that if the collection of edges of the mixed subdivision is unimodular, then a competitive equilibrium exists for every supply bundle.
Unlike [BK15] , whose audience mainly consists of economists, this paper is an exposition on product-mix auctions for a mathematical audience with minimal prior knowledge on auction theory. We focus on the polyhedral and tropical geometry of the product-mix auction. We give general background on auction theory and the motivation for product-mix auction in §2. After defining the product-mix auctions in §3, we make connections to tropical geometry and give a simple proof to the Unimodularity Theorem in §4. We give another proof in §5 via integer programming. Finally, we discuss interesting special cases in §6 and list some open problems in §7.
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2. Background 2.1. On auction theory. In the simplest auction there is one good to be sold at a time, and the winner is the highest bidder. The four basic types of auctions arise from combinations of ascending/descending and open/sealed bids. In a descending auction the winner pays their bid, but in an ascending auction the winner pays the second highest bid. In a sealed bid auction the bidders submit their bids in secret so that no one knows others' bids, while in an open bid auction the bids are public information. Sealed bid ascending auctions are also known as Vickrey auctions.
As a game, bidders try to win and minimize their payment, while the seller tries to maximize profit. The Revenue Equivalence Theorem, for which William Vickrey won the 1996 Nobel prize in economics, states that all auctions give the same expected revenue under some general assumptions which involve bidders acting independently. In reality the bids are often positively correlated, or even worse, bidders can collude to win at a low price and then divide the items up amongst themselves. These possibilities raise interesting questions for both sellers and buyers. For more on this issue, see [Kle02] .
2.2. Motivation for product-mix auctions. "How should goods that both seller(s) and buyers view as imperfect substitutes be sold, especially when multi-round auctions are impractical?" [Kle10] . Two goods are called substitutes if the buyer wants either, but not both. They are imperfect substitutes if they have different values, for example, apples and bruised apples.
Klemperer's motivating setup was the Bank of England credit crunch in 2007. Here, the seller is the Bank of England. The goods to be auctioned off are loans of funds, which come in different types, such as those secured against strong collateral, those secured against weak collateral, and so on. A per-unit-price is an interest rate. In this specific case there is only one unit of each type, that is, there are no two loans with identical terms. In a traditional multiple round auction, the Bank would auction the loans one by one. This can take a long time and is not suitable for the financial world. An alternative is to set fixed price supplements for better units and then auction them all as if they are the same variety. This would not take into account the buyer's true preferences and thus can be sub-optimal for the Bank.
A product-mix auction is a sealed bid, static auction for differentiated indivisible goods. An auction is static if each agent submits the bids only once. The goods are differentiated if they come in different types and indivisible if they can only be sold in integer quantities. Bidders bid once on subsets of goods, and after seeing the bids the Bank sets a per-unit-price so that the market would clear when each agent buys the bundle that is the most desirable to her at the set price. In this auction, bidders have an incentive to reveal their true utility functions. All the items are auctioned at once, which is desirable for the Bank in the Bank of England scenario.
Connection with combinatorial auctions.
A combinatorial auction is one where there is one indivisible good of each type and bidders bid on combinations of goods. If each good type can have multiple items, it is called a multi-unit combinatorial auction. A product-mix auction is a special case of multi-unit combinatorial auction with linear cost function. Applications of (multi-unit) combinatorial auctions include radio spectrum licenses, bus routes, delivery routes, securities, and many others; see [DVV03] for a survey. Much of the literature on this subject emphasizes the computational aspects. Exact formulations vary on the winner and payment rules. One classic setup is the Vickrey-Clarke-Groves auction, which generalizes the Vickrey auction. Under some general assumptions this is socially optimal, but computing the solution can be difficult [DN10] . A large class of formulations form instances of the weighted set packing optimization problem [DVV03] , which is NP-complete. In §5, we show that determining the existence of competitive equilibrium in a productmix auction is indeed an instance of the weighted set packing problem. However, product-mix auctions benefit from the additional insights from tropical geometry. In particular, while one can construct hard instances to determine the (optimal) winner, we hope that the tropical insights can be used to construct efficient algorithms to handle typical instances.
Product-Mix Auctions
Suppose there are n types of indivisible goods. A good bundle is a vector in Z n . For j = 1, . . . , J, the j-th agent gives the auctioneer her utility function (bids)
where A j ⊂ Z n and u j (a) is her bid for bundle a ∈ A j . Here the negative coordinates (with possibly negative utilities) means that the agent wants to sell products. In this setup, sellers and buyers play the same role.
The Minkowski sum
is the set of all possible good bundles in the economy that can potentially be matched to this set of agents. For a fixed price vector p ∈ R n , where p i is the price for one unit of the i-th good, the demand set D u j (p) of agent j is the set of bundles that maximize profit for her:
The aggregate utility function U : A → R n is the maximum total utility taken over all ways to partition the bundle a:
The aggregate demand at p is the demand set of U
The input of a product-mix auction consists of the utility functions {u j : j = 1, . . . , J} and a fixed supply bundle a. The auctioneer needs to find a price vector p ∈ R n so that a ∈ D U (p). If such a price exists, we say that a competitive equilibrium exists at a. Definition 1. The set {u j } of utility functions has competitive equilibrium at a ∈ conv(A) ∩ Z n if there exists a price p ∈ R n such that a ∈ D U (p). We say that competitive equilibrium exists over conv(A) if it exists for every a ∈ conv(A) ∩ Z n .
Auctioneers are greatly interested in general conditions on {u j } (or {u j , a}) for the existence of competitive equilibrium and algorithms for finding prices p and the winner assignment at those prices. If there is one seller and J − 1 buyers, in general competitive equilibrium does not guarantee maximal profit for the seller. The seller may make a bigger revenue by selling fewer products, see Example 3. Maximizing profit for the seller is a different problem from finding competitive equilibrium.
For any utility functions u 1 , u 2 with domains A 1 , A 2 respectively, the domain of the aggregate utility U is the Minkowski sum A = A 1 + A 2 = {(0, 0), (1, 0), (1, 2), (2, 2)}. In particular, since (1, 1) ∈ conv(A) is not in the domain of U , U ((1, 1)) = −∞. Thus, competitive equilibrium on conv(A) would fail at the point (1, 1) for any u 1 , u 2 , but it does not necessarily fail on A, for example, let u 1 ≡ u 2 ≡ 0 at the points on its domain and the price p = (0, 0) would yield a competitive equilibrium on A.
Example 2. Even if
A j contains all integer points in the its convex hull, competitive equilibrium may fail to exist. Suppose we have two types of goods and two agents, with utility functions shown in Figure 1 . Although the bundle (1, 1) is in A, the aggregate utility at (1, 1) is so small that there is no price at which (1, 1) is in the aggregate demand set. (1,0),1 (2,2),10
(1,1),4
(1,2),9
(1,3),10
Figure 1. The utility functions of two agents and their aggregate utility function. Although the point (1, 1) is in the set A 1 + A 2 , there is no price at which the bundle (1, 1) is demanded, so competitive equilibrium fails at that point. See Example 2. Note that none of the aggregate demands is equal to (1, 1). If a price falls on the boundary of multiple regions, then there are more than one bundles in the demand set.
Example 3. Suppose n = 1 and the seller has two objects of the same type to sell. There are two agents, A 1 = A 2 = {0, 1, 2} with utilities
The competitive equilibrium prices are {p : 1 ≤ p ≤ 2} where each agent buys one item, so the maximal revenue the seller receives is 4. However, for any price 4 < p ≤ 10, the first agent buys one item and the second agent buys none. The market does not clear, but the seller receives a higher revenue equal to p.
Tropical Mathematics and the Unimodularity Theorem
Tropical mathematics arises from the tropical semiring. One version is the max-plus semiring. It is the set of real (or rational or integer) numbers with tropical addition ⊕ and tropical multiplication such that r ⊕ s := max(r, s), and r s := r + s for any r, s ∈ R.
Suppose we just have one agent (bidder) with a utility function u : A → R on a set of product bundles A ⊂ Z n . Define a tropical (Laurent) polynomial
As a function, f u (x) = max{u(a) + a · x : a ∈ A} for each x ∈ R n . For a price vector p ∈ R n , f u (−p) = maximal profit at price p.
For a tropical polynomial f in n variables, the tropical hypersurface of f is defined as
This is also the locus where the function f (x) is not smooth. It follows that for any tropical polynomials f and g we have
Going back to the utility function u, the set of price vectors p where the agent is indifferent between two bundles is
which is the negative of tropical hypersurface of the tropical polynomial f u .
The utility function u is concave if and only if A contains all the integer points in its convex hull and for each a ∈ A there is an x ∈ R n such that the maximum in the tropical polynomial f u is attained (not necessarily uniquely) at u(a) x a .
Given a set A ⊂ Z n and a function u :
Letũ be the concave majorant of u, that is, the smallest concave function such that u ≥ u. The concave hull of lift(A) is
Its projection onto A gives the regular subdivision of A induced by u. In other words, the regular subdivision ∆ u of A induced by u is the following collection of subsets of
The sets in ∆ u are called cells of the subdivision. A point a ∈ A is called a marked point of the subdivision if it is contained in one of the cells. The following lemma is an easy translation of the definitions.
Lemma 2. If u is the utility function on the set A of bundles, then the cells in the regular subdivision ∆ u of A induced by u are precisely all the possible demand sets D u (p) as we vary the price p.
The tropical hypersurface T (f u ) is dual to the regular subdivision ∆ u in the following sense. Every point x ∈ R n gives a cell arg max a∈A f u (x) in ∆ u . This gives an equivalence relation on R n where two points are equivalent if they correspond to the same cell If we have J agents, each agent j giving a tropical polynomial f u j , then the tropical polynomial of the aggregate utility function U is the tropical product:
It follows that
The subdivision ∆ U of A induced by the aggregate utility function U is the regular mixed subdivision dual to the union of tropical hypersurfaces
See [DLRS10] for more about subdivisions and mixed subdivisions.
The lemma below follows straightforwardly from the definitions. (1) For any a ∈ conv(A) ∩ Z n , the competitive equilibrium exists at a if and only if the point a is a marked point in the subdivision ∆ U of A induced by the aggregate utility function U . 
The last condition means that the existence of competitive equilibrium can be checked by considering finitely many price vectors, namely the vertices of the tropical hypersurface arrangement. They are dual to the maximal cells of the mixed subdivision of A induced by the aggregate utility function. If all lattice points in every maximal cell are marked, then all points in A are marked.
We are now ready to state and prove the Unimodularity Theorem, which first appeared in [DKM01, Theorem 4] (without a proof) motivated by Walrasian economies (cf. §6.1) and was independently rediscovered in [BK15].
Definition 4. Let D be a set of primitive integer vectors in Z n . We say that a utility function u is of demand type D if every edge of the subdivision ∆ u is parallel to a vector in D.
In other words, u is of demand type D if all the integer facet normals of T u lie in D.
Since the tropical hypersurface T U is the union of T u j for all j = 1, . . . , J, it follows that the aggregate utility U is of demand type D if and only if u j is of demand type D for all j = 1, . . . , J.
A set of vectors D ⊂ Z n is unimodular if every linearly independent subset of n vectors in D spans Z n over Z.
Theorem 5 (Unimodularity Theorem. [BK15, DKM01]).
The set D is unimodular if and only if every collection of concave utility functions {u j : j = 1, . . . , J} of demand type D has a competitive equilibrium.
To prove the above theorem, we first recall a lemma, which has appeared for example in [How07] , and provide a simple proof.
Lemma 6. Suppose D is unimodular. If P and Q are lattice polytopes with edge directions in D, then
To see the other direction, let a be a lattice point in P + Q.
For a generic vector v ∈ R n , the tropical hypersurfaces T (P ) and T (Q) − v intersect transversely, i.e. two faces intersect only if the dimension of their Minkowski sum is equal to n. Then the union T (P ) ∪ (T (Q) − v) is dual to a (mixed) subdivision of P + Q whose maximal cells have the form σ + τ where σ and τ are faces of P and Q such that dim(σ) + dim(τ ) = n. One such cell σ + τ contains a.
In other words, consider the lifts of P and Q in R n × R given by lift(P ) = {(p, 0) : p ∈ P } and lift(Q) = {(q, v · q) : q ∈ Q}. For generic v, the faces of the Minkowski sum lift(P ) + lift(Q) have the form lift(σ) + lift(τ ) where lift(σ) and lift(τ ) are faces of lift(P ) and lift(Q) with dim(lift(σ)) + dim(lift(τ )) = dim(lift(σ) + lift(τ )). The point a is contained in the projection of one of these faces.
Let c = dim(σ) and d = dim(τ ). Let {u 1 , . . . , u c } and {v 1 , . . . , v d } be linearly independent subsets of primitive edge directions of σ and τ respectively. Then {u 1 , . . . , u c , v 1 , . . . , v d } is a lattice basis for Z n because D is unimodular. With respect to this basis, σ and τ lie in complementary coordinate subspaces, so the Minkowski sum σ + τ can be identified with the Cartesian product σ × τ , and
. This shows that the lattice point a in (σ + τ ) ∩ Z n can be written as a sum of lattice points in σ and τ .
We now prove the main theorem. We will give another proof in §5.2 using results from linear and integer programming.
Proof. (Proof of the Unimodularity Theorem 5) Suppose D is unimodular and that all u j : A j → R are concave of demand type D. Recall that for a price vector p, the aggregate demand set is
Since taking convex hulls commutes with taking Minkowski sums, we have
Then by Lemma 6 and the concavity of the utilities, we have
For any a ∈ conv(A) ∩ Z n , we have a ∈ conv(σ) for some cell σ in the subdivision
. This shows that {u j } has a competitive equilibrium at a.
Conversely, suppose D is not unimodular. Let V = {v 1 , . . . , v r } be some subset of linearly independent vectors in D where unimodularity fails. This means the span over Z of V is a strict subset of its span over R. For j = 1, . . . , r, define
and u j ≡ −∞ at all other points. Then A is Z n intersected with the parallelepiped, so A ⊂ conv(A). Thus, competitive equilibrium fails at the lattice points in conv(A)\A, which are those in the interior of the parallelepiped v 1 , . . . , v r .
The Unimodularity Theorem via Integer Programming
Consider a product-mix auction with bid functions {u j , j = 1, . . . , J} and a good bundle a * ∈ Z n to be sold. In this section, we show that competitive equilibrium at a point exists if and only if a certain linear program has an integral optimal solution. We give two different formulations. In the first version, in expression (4), we get an instance of the set packing problem. In the second version, in expression (13), connections to the unimodularity of the edge set D of ∆ U is made more explicit. As a corollary, we obtain another proof of the Unimodularity Theorem via the wellknown result in integer programming which guarantees the integrality of a polyhedron defined by unimodular constraints. 5.1. A set packing characterization of competitive equilibrium at a point. Fix the supply bundle a * ∈ A. Assume that 0 ∈ A j for every j. Consider the following set packing problem where the decision variables are y(a, j) for j = 1, . . . , J and a ∈ A j .
For a bundle a ∈ Z n , y(a, j) = 1 means that we assign the bundle a to agent j. The constraints (5), (6) and (7) state, respectively, that each agent j is assigned a non-negative fraction of bundles, that the total mass of bundles they receive is one, and that a total of a * items is assigned to all agents together. The objective (4) asks for an assignment that maximizes the total utility. Proof. By definition of the aggregated utility U in (1), U (a * ) is the optimum for the integer program (4). Let U be the concave majorant of U and u j be the concave majorant of u j for j = 1, . . . , J. Note that
is the optimum for the linear program (4). Competitive equilibrium exists at a * means that U (a * ) = U (a * ), so we have the statement of the proposition.
The integer program (4) is an instance of the well-studied multi-unit combinatorial auction problem, which itself is a special case of the set packing problem [DVV03] . Thus, any algorithms and conditions designed for these problems can also determine existence of competitive equilibrium for a specific set of bids {u j } at a given point a * .
The linear/integer program (4) can be rephrased in terms of the "Cayley trick" as follows. The Cayley configuration of the collection A 1 , . . . , A J ⊂ Z n is a point configuration in Z J × Z n consisting of the points
Let C be the matrix whose columns are the points in Cay(A 1 , . . . , A J ). Let u be the vector of utilities u j (a) whose entries naturally correspond to columns of C. Then (4)-(7) can be stated simply as maximize u · y (9) subject to y ≥ 0 and Cy = 1 a *
where 1 is the all-one vector in Z J .
5.2. Connection to the Unimodularity Theorem. We reformulate Proposition 7 to highlight the connections to the Unimodularity Theorem (cf. Theorem 5). As before, let U be the concave majorant of U . Fix a * ∈ A. Let D(a * ) be the smallest cell in the subdivision ∆ U that contains a * in its convex hull. Let ∂D(a * ) be the set of vertices of D(a * ). Let S(a * ) denotes the set of price vectors that support conv(D(a * )):
First we define another linear program. Any vertex a ∈ ∂D(a * ) can be written uniquely as a = j a j where each a j is a vertex (a singleton cell) of ∆ u j in A j . Then S(a * ) is the set of p ∈ R n such that
After rewriting, we get that for each a ∈ ∂D(a * ),
Suppose there are N such constraints in total. Let V be the n × N matrix whose columns consist of vectors a j − b j as above. Let c ∈ R N is the vector with entries
is the set of p ∈ R n that satisfies V p ≤ c. Let a be any point in ∂D(a * ). Consider the following program in decision variable p ∈ R n :
It is the dual of the following primal linear program in decision variable x ∈ R N minimize c x
Note that the feasible solution set in (13) is non-empty in R N .
Proposition 8. Competitive equilibrium for {u j } exists at a * if and only if the optimum of the linear program (13) over x ∈ R N equals its optimum over x ∈ Z N for any choice of a ∈ ∂D(a * ).
We break the proof of this proposition into two smaller lemmas.
Lemma 9. Every feasible solution is optimal in (12), with objective function value U ( a) − U (a * ).
Proof. Consider the lift of conv(A) by U lift(conv(A)) = {(x, U (x)) ∈ R n+1 : x ∈ conv(A)}.
The cell conv(D(a * )) is lifted accordingly to a face lift(conv(D(a * ))). For any p ∈ S(a * ), the vector (−p, 1) supports this face. In particular, since both a * and a belong to conv(D(a * )), we have
Then the value of the objective function in (12) is
The second equality follows since a is a vertex, hence a marked point, in the subdivision ∆ U . Since the value U ( a) − U (a * ) does not depend on p, it follows that every feasible solution is optimal in (12).
Lemma 10. Any feasible solution x ∈ Z N of (13) satisfies
Equality exists for some feasible x if and only if U (a * ) = U (a * ).
Proof. Any feasible x satisfies a − V x = a * . Recall that columns of V are vectors pointing from points in A j toward vertices of ∆ u j . Since a is a vertex of D(a * ), there exists a unique decomposition
where each a j is a vertex of D u j (p) where the price p is such that D(a * ) = D U (p). Hence any feasible solution x gives a way of writing
where each a j + v j lies in the integer affine span of A j .
Consider the lift of a j + v j to R n × (R n ∪ {−∞}) by the utility function u j . If a j + v j / ∈ A j , then it is lifted to −∞. Since u j is concave and (−p, 1) supports the lift of D(a * ), we have
with equality if and only if a
Summing over all j's, we get
This proves (14). Finally, equality is achieved in (14) for some feasible x if and only if equality is achieved in (16) for each j = 1, . . . , J. This happens if and only if the decomposition of a * in (15) by such x satisfies a j + v j ∈ D u j (p) for some p ∈ S(a * ), for all j = 1, . . . , J. But this is the definition of a * ∈ D U (p). So, assuming that (13) is feasible, equality occurs in (14) if and only if U (a * ) = U (a * ).
Proof of Proposition 8. Consider Lemma 9. By the linear programming duality, the optimal value of the linear program (13) over x ∈ R N is also U ( a) − U (a * ). If (13) is feasible over x ∈ Z N , then Lemma 10 implies the desired statement.
If (13) is not feasible over x ∈ Z N , then a * is not in A, so there is no competitive equilibrium at a * , and the linear and integer program (13) do not agree. Thus the desired statement also holds true in this case.
Proof. (Another proof of Unimodularity Theorem.) Suppose that all the utility functions u j are concave and of a unimodular demand type. Then any point b j ∈ A j can be reached from any vertex a of the subdivision ∆ u j by walking along the primitive edge directions of the subdivision because of the unimodularity of the set of directions. Thus in (12) and (13), we can remove from V and c all the columns except those corresponding to the primitive edge directions of the subdivisions. We are then left with a unimodular matrix V which gives the same optima for the linear and integer programs as before.
A well known result in integer programming states that (13) always has integral optimal solutions (see [Sch98] ), so by Proposition 8 competitive equilibrium exists for all points a * ∈ A. This is precisely the difficult direction of the Unimodularity Theorem.
When the edges in D are taken from the type A root system of rank n (and hence unimodular), the constraint set in (12) and (17) is a polytrope [JK10] . Optimizing a linear functional over a polytrope as in (17) is precisely the problem of finding a min-cost flow in a graph. This connection was studied in detail in [Mur03, §11.5]. The type A root system deserves a special mention, as Murota arrived at this root system through generalizing convex duality theorems to discrete functions. We will discuss this connection in §6.2.
5.3.
Maximizing profit when competitive equilibrium exists. If competitive equilibrium exists at a * , then for any choice of a ∈ ∂D(a * ), the following linear program returns a price vector p ∈ S(a * ) that maximizes the profit p · a * for the seller, where V and c, which depend on the choice of a, are the same as in the linear program (12) above.
Thus, any algorithm for solving linear programs would be able to find such a p. However, forming the constraint set in (17) requires one to find the vertices a of D(a * ) and their decomposition into sums of vertices a j in ∆ u j . This may not be the most efficient representation of S(a * ). We now present another representation, using the output of (4), or equivalently (9).
Proposition 11. Suppose competitive equilibrium exists at a * . Let (y * (a, j)) j=1,...,J;a∈A j be an optimal integral solution of (4). Then the optimal equilibrium price p ∈ R n can be found by solving the following linear program.
for every j = 1, . . . , J, every a ∈ A j such that y * (a, j) = 1, and every b ∈ A j adjacent to a in ∆ u j . Equivalently, the constraints mean that a ∈ D u j (p) for every pair (a, j) such that a ∈ A j and y * (a, j) = 1.
Note in particular that we can use any 0/1 optimum solution y * . If there are multiple optima, then the constraints may look different, but we will see in the proof that the feasible sets are the same.
Proof. Let F be the set of feasible solutions of the linear program in the Proposition. We wish to show that F = S(a
This shows that F ⊆ S(a * ).
This shows that all the inequalities in (11) are attained at equality, so
for all j, and p is a feasible solution of the linear program in the Proposition.
6. Special cases of the product-mix auction 6.1. The Walrasian economy with indivisible goods. Danilov, Koshevoy and Murota [DKM01] considered Walrasian economies with indivisible goods. Their problem is an instance of the product-mix auction and gives a specific family of tropical hypersurfaces. These authors derived the Unimodularity Theorem through a convex relaxation argument. The argument is backed up by the theory of discrete convex analysis, which focuses on carrying over important techniques of convex analysis to the discrete setup. In this section, we review the Walrasian economy setup from [DKM01] . For further details on Walrasian economies and recent developments in economics on this model, see [Bri13] .
6.1.1. Walrasian economics. Walras was a French mathematician/economist in the late 19th century, who put forward a model of the economy now known as Walrasian economics. In the simplest version of the model there are finitely many people, each endowed with a good bundle such as a piece of land, a car, and some cash. Each person wants to sell some of their goods in order to raise money to buy other people's goods, so as to maximize their utility function. In other words, the people take part in an exchange of goods. This model is hence called an exchange economy.
Goods of type i are sold at a unit price p i . The bundle that each person owns initially is called an endowment bundle. The bundle that each person buys is a consumption bundle. Both the price vector and the consumption bundles are variables. A Walrasian equilibrium is a price vector p such that if each person consumes the bundle affordable by their budget which maximizes her utility given the prices, then the market clears: the total consumption equals the total endowment. If the bundles can only take integer values, the goods are said to be indivisible. As in [DKM01] , we will consider a Walrasian economy with n types of indivisible goods and regard money as the (n + 1)-th type of good, which is divisible. This gives the objective function (18) below.
The general form of the Walrasian economics involves production; goods get produced, as opposed to exclusively coming from endowments. In addition to people with endowments as before, we have one more type of agent: firms. A firm's production plan is a good bundle in Z n : in this plan, some goods are consumed and some goods are produced. A firm's utility function is interpreted as its profit. Firms are owned by the people, in the sense that each person holds some share in the firm, and the firm's profit distributes proportionally to the share holders. This is reflected in the budget of the people.
For both exchange and production economies, agent j wants to solve, for fixed p,
subject to the budget constraint
For the exchange economy, the income of person j with endowment bundle e j ∈ Z n at price p is income
For the production economy, this is
where α kj denote person j's share of firm k, and
is the profit of firm k under price p.
Budget constraint is an important feature of the Walrasian economy. Recall that in auctions, the utility u j (a) is interpreted as the maximum bid agent j is willing to pay for bundle a. In Walrasian economies, it is interpreted as the desirability of bundle a to agent j. To buy bundle a at price p, an agent needs to raise money by selling her own endowed goods, also at price p, or in the case of production of economy, by getting profit from the firms. Thus, this creates constraint (19). For both the exchange and production economies, these are linear constraints in the linear program (12). So the Walrasian exchange economy is a product-mix auction with linear constraints. In particular, a Walrasian equilibrium is a competitive equilibrium at 0, but the converse may not be true. Since the constraints are linear, Proposition 8 on characterization of competitive equilibrium as integrality of (13) still holds. We summarize this discussion in the following lemma.
Lemma 12. The Walrasian economy for indivisible goods with money is a productmix auction with linear constraints on the demand set. In particular, a Walrasian equilibrium is a competitive equilibrium.
Proof. Take the previous exchange economy with J people and n good types with utilities {u j }, bidding sets {A j }, and add on K firms with production plans {A k } and utilities {u k }. Then the new utility function v j of the j-th person at bundle a under price p is
Note that v j only depends on p via the income function income j (p) defined in (20), which itself is a max-plus tropical polynomial. For each fixed price p, the new utility function v j is a constant shift (tropical scalar multiple) of the origin utility u j , so the demand set
Thus if a Walrasian equilibrium exists, then competitive equilibrium exists for the product-mix auction with J + K agents, n good types, and utility functions {u j : j = 1, . . . , J}, {u k : k = 1, . . . , K}.
It would be interesting to extend the Unimodularity Theorem to give if and only if conditions for the existence of Walrasian equilibria. One sufficient condition is given in [Mur03, §11], which we discuss below.
6.2. Type A product-mix auctions. In [Mur03, §11], Murota gave a different condition for existence of equilibrium in production Walrasian economies, namely that the individual demand functions are non-decreasing M -concave functions. In this setup, he showed that the product-mix auction reduces to an instance of the min-cost flow problem and provided an algorithm to solve this problem. In this section, we show that Murota's result without budget constraint is an instance of the Unimodularity Theorem applied to the type A root system. Nonetheless, the Murota setup is interesting, because the motivations of his work come from generalizing tools of convex analysis to discrete functions. Furthermore, with the type A root system, the program (12) becomes an optimization over a polytrope [JK10] , a convex set that is also tropically convex. As shown in [Mur03, Theorem 11.21], the budget constraints define a new constraint set which is also a polytrope, so Walrasian equilibrium is guaranteed to exist. Definition 14. A function g :
where ∨ and ∧ denote coordinate-wise maximum and minimum respectively, and (22) there is an r ∈ R such that g(p + 1) = g(p) + r for all p ∈ Z n .
Since an L-concave function changes linearly in the (1, 1, . . . , 1) direction, we can consider the restriction of the function to the points with zero first coordinate without losing the non-linear behavior. This is denoted by the symbol (read "natural"). This induces a projection of the domain of the dual M -concave function onto the first coordinate hyperplane.
The M -concave functions are defined on lattice points in hyperplanes of the form x i = r for some constant integer r. We are interested in the structure of subdivisions induced by M -concave functions.
Theorem 15. If the utility functions in a product-mix auction are M -concave, then the demand sets D U are images under projection along a coordinate direction of polytopes whose edges are in directions e i − e j for i = j. In particular the edges are taken from a unimodular set, so a competitive equilibrium exists, by the Unimodularity Theorem.
Proof. By the definition of M -concavity, if the utility functions are M -concave, then the aggregate utility function U is also M -concave. Let g be an L-concave function dual to the (pre-projection) M -concave utility function U . If p and q are in the support of g (i.e. g(p) > −∞ and g(q) > −∞) then p ∨ q and p ∧ q are also in the support of g. Thus the support of an L-concave function is tropically convex with respect to both (max, +) and (min, +) semirings. It is defined by inequalities of the form x i − x j ≥ c ij where c ij are integers. These are unbounded versions of type A alcoved polytopes or polytropes.
Consider a full-dimensional cell in the subdivision of supp(g) induced by g. By subtracting a linear function from g if necessary, we may assume that g = 0 on the cell and g ≤ 0 everywhere else. Again by (21), we see that the cell must be tropically convex with respect to both maximum and minimum. Hence all full-dimensional cells in the subdivision induced by an L-concave function have facet normals only in directions e i − e j for i = j. This implies that the edges of the dual cell induced by the M -concave function are in directions e i − e j for i = j.
Finally, since U is the coordinate projection of U , it remains to show that the coordinate projection of A n = {e i − e j : 0 ≤ i = j ≤ n} ⊂ Z n+1 is unimodular. This is done in the Lemma below.
Lemma 16. Let n ≥ 1 be an integer, A n = {e i − e j : 0 ≤ i = j ≤ n}, and A n be the image of A n under projection of Z n+1 along the first coordinate direction (x 0 , x 1 , . . . , x n ) → (x 1 , . . . , x n ). The set A n is unimodular.
The set A n is known as the type A root system of rank n. This result is well known; the sets A n form an important building block of maximal unimodular systems of vectors [DG99] . For completeness we include a proof.
Proof. Let L n be the sublattice of Z n+1 spanned by A n . The vectors in A n can naturally be identified with directed edges of a complete directed graph on n + 1 vertices. A subset of n vectors in A n is linearly independent if and only if the corresponding edges of the graph form a spanning tree. A point in L n can be thought of as a labeling of the vertices of the complete graph with integers that sum up to 0. Any such labeling can be written as a linear combination of edges of a spanning tree by starting from the leaves and working in toward an arbitrary chosen root. It follows that any linearly independent subset of A n must span L n over Z. Projecting along a coordinate direction gives an isomorphism of lattices from L n to Z n , so any linearly independent subset of n vectors in A n spans Z n over Z. This shows that A n is unimodular.
6.3. Stable matching with transferable utility. This is also known as the ShapleyShubik model, or the assignment problem. We first describe the setup as a productmix auction and then supply the matching interpretation. Suppose there are n people, who play the role of goods in auction. A coalition a is a subset of the people, that is, a ∈ 2 [n] . A given coalition has valuation
The characteristic function of the matching game is the function
The value of coalition a to its members is a way of dividing up the valuation among the members, i.e. it is a map u a : a → R ≥0 satisfying
In other words, the values/utilities can be transferred among the members of the same coalition as long as the total value equals the value of the coalition.
Given the characteristic function v, consider a product-mix auction where the bidders are the coalitions with utility functions {v a : a ∈ 2
[n] }. We are interested in competitive equilibrium at the point (1, 1, . . . , 1) ∈ Z n .
The pair (n, v) is called the characteristic functional form of a stable matching problem with transferable utility, or TU-game for short. The problem is to find an assign-
of each person to one coalition and a value function u : [n] → R ≥0 such that
• The coalitions that are formed (those in the image of f ) form a partition of
[n].
• For each formed coalition a, we have i∈a
[n] is not formed, then v(b) ≤ i∈b u(i). This means that the coalitions are stable; no group people can strictly increase their value by forming a new coalition.
A pair (f, u) with the above properties, often abbreviated to u, is called a core of the TU-game.
Theorem 17 ([BK14]).
A stable matching with transferable utilities exists, i.e. the TU-game (n, v) has a core, if and only if the corresponding product-mix auction with utilities {v a : a ∈ 2 [n] } has a competitive equilibrium at [n].
Proof. For each possible coalition a, there is an agent who bids on only two bundles: a and 0. Suppose that a competitive equilibrium exists at (1, 1, . . . , 1). This means that the set [n] is partitioned into coalitions, and there is a price p ∈ R n such that
• v(a) − i∈a p(i) ≥ v(0) = 0 for coalitions a that are formed, and
To get a stable matching, we need to determine how to split up the valuation of each formed coalition among its members. For this, let u(i) = p(i) for each i ∈ [n]. The first inequality above shows that each formed coalition has non-negative utility after the members are paid. On the other hand, the second inequality shows that for each coalition b that is not formed, for any values u b that add up to v(b), we have i∈b u b (i) = v(b) < i∈b u(i). This shows that the condition for stable matching is satisfied. Now suppose that a stable matching exists. Then we have a partition of [n] = a 1 ∪ . . . ∪ a k and a way to distribute the valuation among the coalition members, i.e. an assignment u : [n] → R ≥0 such that for each a, i∈a u(i) = v(a). By definition of stable matching, for every coalition b that is not formed, we must have v(b) < i∈b u(i). The inequalities above are satisfied with price p(i) = u(i), so competitive equilibrium exists. In this case, there is no stable matching. If a two-person coalition such as {1, 2} is formed, then by symmetry, we necessarily have u {1,2} (1) = u {1,2} (2) = 2.5, and u {1,2} (3) = 0. However {2, 3} with value function u {2,3} (2) = 2.75, u {2,3} (3) = 2.25 is a coalition where its members 2 and 3 are strictly better off than they were before. Similarly, if the coalition {1, 2, 3} is formed, then the two lowest paid members get strictly better values by forming a separate coalition.
As a product-mix auction, a TU-game is rather special, since there is precisely one item of each type, and each bidder only desires precisely one subset of items. Certain subclasses are guaranteed to have solutions by unimodularity. Here is an example.
Example 5 (Bipartite coalitions). Suppose we have m men and n women. The only coalitions with non-zero valuations are of size two and consist of one man and one woman. To set this up as product-mix auction, we consider product bundles in Z m × Z n . An agent is a possible match, i.e. it has utility on the domain {0, (e i , e j )}, where the value of 0 is 0 and the utility of (e i , e j ) is the utility of matching the i-th man and the j-th woman. The set of vectors {(e i , e j ) : 1 ≤ i ≤ m, 1 ≤ j ≤ n}, which are the vertices of the product of two standard simplices, is unimodular. Thus a stable matching with transferable utilities always exists. Shapley and Shubik [SS71] proved the existence of the TU core by showing that the corresponding integer program equals its linear relaxation.
There are a number of other characterizations of the core, such as conditions for balanced games or normality of the fractional matching polytope [Ser13, Bir07] . It would be interesting to translate these theorems to statements in tropical geometry. In particular, we would like to find conditions other than unimodularity that guarantee existence of competitive equilibrium.
7. Open problems 7.1. Weaker conditions for the existence of competitive equilibrium. If demand type D is not unimodular, then the Unimodularity Theorem states that there exists some set of utility functions {u j } of type D such that the corresponding productmix auction does not have competitive equilibrium. However, one can often construct other sets {u j } of type D where competitive equilibrium does hold. Thus, there is a need for less restrictive sufficient conditions for the existence of competitive equilibria in product-mix auctions.
By part 3 of Lemma 3, the existence competitive equilibrium can be checked at the vertices of the tropical hypersurface arrangement, which are dual to the maximal cells of the mixed subdivision induced by the aggregate utility function. For such a price vector p, we need D U (p) = conv(D U (p)) ∩ Z n . It is reasonable to assume that the utility function u j is concave for each agent j, so D u j (p) = conv(D u j (p)) ∩ Z n . Combining with the fact that D U (p) = D u i (p) + · · · + D u J (p), which is always true, the existence of equilibrium comes down to the following question.
Given lattice polytopes P and Q in R n , find easily check-able conditions to guarantee that (24) (P + Q) ∩ Z n = (P ∩ Z n ) + (Q ∩ Z n ).
A family of such polytopes is called a class of discrete convexity by [DKM01] . This question has been studied in connection with toric varieties [HHM07] . The main conjectures in this area include:
Smooth Polytope Conjecture: A lattice polytope is called smooth if it is simple and the primitive facet normal vectors around every vertex (or equivalently, the primitive edge directions adjacent to every vertex) generate the dual lattice. The conjecture is that (24) holds when P and Q are both integer dilations of the same smooth polytope. Oda Conjecture: This is a generalization of the previous conjecture; it states that (24) is true if P is smooth and the normal fan of Q coarsens that of P .
Both conjectures are known to be true for 2-dimensional polytopes but remain open in dimension three or higher. It was shown in [HNPS08] that in dimension two the Oda Conjecture, which implies the smooth polytope conjecture, is true even without the smoothness assumption, i.e. the statement (24) is true if P and Q are lattice polygons in R 2 such that the set of primitive normal vectors to the edges of P is a superset of its counterpart for Q. However, in [LM14, Question (4)], Lasoń and Micha lek constructed counter-examples where (24) is false when the smoothness assumption is replaced with a weaker normality assumption on polytopes.
7.2. Stability when J n. In many interesting applications J is large and n is small. Thus A can be a large set in a small dimension. One may hope that there are effective algorithms to determine the existence of competitive equilibrium. For example, is there a constant c(n, |a * |) that depends only on n and |a * | = n i=1 a * i , but not on J, such that competitive equilibrium at a * exists for all c(n, |a * |)-subsets of the bidders if and only if it exists for the J bidders? 7.3. Online product-mix auction. Can the product-mix auction be modified so that it can be done online, that is, where buyers and products can enter and exit the auction? Are there efficient algorithms to update the price? What is the analogue of the Unimodular Theorem? These are interesting questions for auction theorists, economists and computer scientists.
